A111D1    ETMflfiD 


NATL  INST  OF  STANDARDS  &  TECH  R.I.C. 


A1 11 01 294880 

/Bulletin  of  the  Bureau  of  Standards 
QC1  .U5  V1;1904-5  C.1  NBS-PUB-C  1905 


I 


fulfil    ft&ggg  &Ih 

tliOt.Wtj'ijiti.njtjlwc  zsaaahH 

ocRfcFo  EKfO<tH7CHKKf<v(fi 


4  ■  ■  i 


1§§s§gs8S 

Wmm 


HI 
mBBBSflm 


'ft'*.-' 


Ill 


mi 

|R     §58    BBS   M  bB& 

TO 

■B 


SB 

H 

■ 


J« 


m 


11 


aefc 


•CRxJcP 


Sbm    ERRS 

D  IK>{HkMmXk/o< 


wm  i  - 


RISC      ■     -  ■  il-iH>«  Hh 

BSBSi       HBh  frown  ff    bhh 

BSmUtsa     ^H^HBB  HflBflfllHtiilinoWB 

vflDj    KHH1  PU0DDODOK«($fKI    B^Kn-rinfCn 

PIPS  :.::-—■••;-;:•.• 


™r.  ///  p  //( 


\ 


THE  ABSOLUTE  MEASUREMENT  OF  CAPACITY. 


By  Edwakd  B.  Rosa  and  Frederick  "W.  Grover. 


1.  The  Method  Employed. 

The  usual  method  of  determining  the  capacity  of  a  condenser  in 
electromagnetic  measure  is  Maxwell's  bridge  method,  using  a  tuning 
fork  or  a  rotating  commutator  to  charge  and  discharge  the  condenser, 


Fig.  1. 


which  is  placed  in  the  fourth  arm  of  a  Wheatstone  bridge.  This  is  a 
null  method,  is  adapted  to  measuring  large  and  small  capacities  equally 
well,  and  requires  an  accurate  knowledge  only  of  a  resistance  and  the 
rate  of  the  fork  or  commutator. 
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The  formula  for  the  capacity  C  of  the  condenser  as  given  by  J.  J 
Thomson,0  is  as  follows: 

i_ * 

a  L     (a+h+d){a+c+g) 


0= 


ncd 


\}+c{a+l+d))\}+d(a+c+g)) 


(1) 


in  which  <z,  c,  and  d  are  the  resistances  of  three  arms  of  a  Wheatstone 
bridge,  b  and  g  are  battery  and  galvanometer  resistances,  respectively, 
and  n  is  the  number  of  times  the  condenser  is  charged  and  discharged 
per  second.     When  the  vibrating  arm  P  touches  Q  the  condenser  is 


charged,  and  when  it  touches  P  it  is  short  circuited  and  discharged. 
When  Pis  not  touching  Q  the  arm  BD  of  the  bridge  is  interrupted 
and  a  current  flows  from  D  to  C  through  the  galvanometer;  when  P 
touches  Q  the  condenser  is  charged  by  a  current  coming  partly  through 
c  and  partly  through  g  from  C  to  D.  Thus  the  current  through  the 
galvanometer  is  alternately  in  opposite  directions,  and  when  these 
opposing  currents  balance  each  other  there  is  no  deflection  of  the  gal- 
vanometer. This  is  accomplished  by  varying  one  of  the  resistances, 
a,  <?,  or  d.     The  capacity  may  then  be  computed  from  the  formula  (1). 


a  Phil.  Trans.,  1883. 
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Under  ordinary  circumstances  the  capacity  of  the  condenser  is  very 

nearly  given   by  the  first  part  of   the  formula  — -y,  the   remainder 

constituting  a  correction  factor  which  we  may  represent  by  F.     Then 

If  after  the  experiment  we  replace  the  condenser  and  commutator 
by  an  accurately  calibrated  resistance  box,  and  vary  its  resistance 
until  the  bridge  is  balanced  while  a,  c,  and  d  remain  unchanged,  then 

— ,=-~  and  hence 
cd    E 

G=m  (3) 

This  is  not  practicable  for  very  small  capacities,  as  B  would  then  be 
inconveniently  large  at  ordinary  values  of  n.  But  for  capacities  of 
0.01  microfarad  and  larger  this  can  usually  be  done.  Of  course,  if 
a,  <?,  and  d  are  all  known  with  sufficient  accuracy  this  operation  may 
be  omitted. 

2.  The  Correction  Factor  F. 

The  correction  factor  F,  as  we  have  called  it,  shown  in  equation  (1), 
may  be  written  as  follows: 

It  is,  of  course,  desirable  to  have  this  factor  as  nearly  equal  to  unity 
as  possible,  and  therefore  the  quantities  (  l-\ — -\ —  J  and  (  l-\ — +     ) 

should  be  as  large  as  possible.  To  this  end  a  should  be  small,  c  and  d 
relatively  large.  Under  these  circumstances  the  values  of  h  and  g  are 
not  very  important,  although  it  is  generally  better  to  have  them  small. 
If  b  is  nearly  zero,  the  first  parenthesis  of  the  denominator  disappears, 
as  well  as  one  term  in  the  first  parenthesis  of  the  numerator,  and  the 
expression  for  F  is  somewhat  simplified.  Since  c  and  d  are  opposite 
branches  of  the  bridge,  their  product  is  constant,  and  therefore  increas- 
ing c  decreases  d;  both  should  be  as  large  as  possible,  in  order  to  make 
F  as  near  unity  as  possible,  but  there  are  other  reasons  to  be  given 
later  which  make  it  desirable  to  have  d  much  larger  than  c. 
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To  show  how  the  value  of  F  varies  with  the  values  of  the  several 
quantities  <z,  5,  c,  d,  <?,  we  have  computed  and  plotted  a  number  of 
values  in  the  curves  of  figs.  3  and  4.  In  each  case  a=c=10Q  ohms.  In 
the  curves  of  fig.  3  the  galvanometer  resistance  is  20  ohms,  while  the 
battery  resistance  is  0,  6,  and  12  ohms  in  the  three  curves,  respectively. 
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Ordinates  show  the  values  of  F  and  abscissas  increasing  values  of  d. 
The  value  of  F  falls  as  low  as  0.99  for  d—  6,000  ohms,  running  up  to 
0.995  at  about  12,000  ohms,  0.999  for  60,000  ohms,  and  0.9996  for 
^=150,000  ohms.  If  ??  =  100  per  second,  these  values  correspond  to 
capacities  of  1.67,  0.83,  0.167,  and  0.056  microfarads,  respectively. 
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Evidently  F  is  more  nearly  unity  as  the  f  requenc}7  n  is  smaller  and 
the  capacity  of  the  condenser  is  smaller. 

The  difference  in  F  due  to  change  in  b  from  0  to  6  ohms  is  only 
0.0006  at  ^=10,000  and  0.00006  at  <Z=  100,000.     In  our  own  experi- 
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Fig.  4. 


ments  b  was  usually  either  3  or  6  ohms,  and  hence  the  change  in  i^due 
to  changing  the  battery  was  very  small,  and  a  suitable  correction 
easily  made. 

The  effect  of  changing  the  galvanometer  resistance  is  shown  in  the 
curves  of  fig.  4.     Here  a=c— 100  as  before,  &=6  and  g=20,  100,  and 

3172°— 15 2 
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500  in  the  three  curves,  respectively.  These  represent  actual  values 
employed  in  our  own  experiments.  The  differences  in  F are  greater 
than  those  due  to  changes  in  the  battery,  amounting  to  0.0016  at 
d=  20,000  ohms  and  0.00037  at  100,000  ohms.  Obviously,  in  careful 
measurements,,  it  is  important  to  ascertain  the  value  of  F for  each  case, 
and  such  curves  as  are  here  given  are  convenient  for  the  purpose. 


.940 


FlG.  5. 


To  show  how  much  the  factor  T^may  vary  from  unity,  if  the  resist- 
ances are  not  properly  chosen,  we  give  in  fig.  5  three  curves  in  which 
a=c= 1,000,  b  =  6  ohms,  and  g  is  20,  100,  and  500,  respectively,  in  the 
three  curves,  corresponding  to  the  curves  of  fig.  4.  The  only  differ- 
ence between  this  case  and  that  of  fig.  4  is  that  here  the  two  equal 
ratio  coils  are  1,000  ohms  each  instead  of  100.     For  1  microfarad 
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(assuming  n=100)  d  would  be  10,000  and  F  would  be  0.944,  using  the 
highest  resistance  galvanometer  and  0.953  using  the  lowest  resistance 
galvanometer.  For  0.1  microfarad  ^=100,000  ohms  and  F—  0.995, 
approximately.  In  fig.  6  the  ratio  coils  a  and  c  have  a  ratio  of  1  to 
10,  a  being  1,000  as  before,  but  c  is  increased  to  10,000,  and  d  therefore 
reduced  to  one-tenth  of  its  former  value,  being  1,000  for  1  mf  and 
10,000  for  0.1  mf.  The  factor  Fis  still  smaller,  varying  from  0.916 
for  1  mf  (<Z=  1,000  ohms)  to  0.988  for  0.1  mf  (<Z=10,000).  It  would 
probably  be  impossible  to  balance  the  bridge  with  these  values  of 
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Fig.  6. 


the  resistances,  as  we  shall  show  later,  but  so  large  a  correction  would 
be  very  undesirable  if  it  were  not  impossible.  By  choosing  the  resist- 
ances with  reference  to.  the  expression  for  F,  however,  there  is  no 
trouble  in  making  the  correction  comparatively  small  in  every  case. 

3.  The  Charging  Cycle,  and  Circumstances  Affecting  the 
Completeness  of  the  Charge. 

When  the  tuning  fork  or  commutator  is  running  and  the  bridge  is 
balanced,  the  condenser  is  alternately  charged  and  discharged  as  the 
tongue  P  touches   Q  and  P,  respectively.     When  it  touches  P  the 
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condenser  is  short-circuited  through  a  negligible  resistance  and  the 
discharge  of  the  condenser  is  almost  instantaneous,  in  all  ordinary 
cases  being  complete.  But  the  charge  which  passes  into  the  condenser 
when  P  touches  Q  flows  from  the  battery  through  the  two  parallel 
paths  A  D  and  A  C  D,  and  if  their  resistances  are  considerable,  espe- 
cially if  the  frequency  of  the  fork  or  commutator  is  relatively  high,  it 
may  happen  that  the  condenser  is  not  completely  charged.  Evidently 
this  introduces  an  error,  as  the  capacity  is  computed  on  the  assump- 
tion that  the  condenser  is  fully  charged  before  P  leaves   Q.     It  is 


Fig.  7. 


therefore  necessary  to  determine  the  conditions  for  complete  charge 
of  the  condenser,  for  different  capacities,  frequencies,  and  resistances. 
Consider  first  what  is  occurring  in  the  various  arms  of  the  bridge 
during  the  charging  cycle. 

Let  T—  — ,  the  time  between  successive  charges. 

n 

^  =  duration  of  the  charge,  or  time  that  Pis  in  contact  with  Q. 
E—  electromotive  force  of  the  battery. 

Ex  —  electromotive  force  on  BB  at  the  end  of  the   charge,  or 
final  potential  charging  the  condenser. 
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ic—  Steady   current    flowing  through   the  galvanometer  from 

Pix>  C  when  P  is  not  touching  Q. 
ia— variable  current  flowing  through  the  galvanometer  from 
C  to  D  while  P  touches  Q. 
When  P  is  not  touching  Q  a  small  steady  current  ic  flows  through 
the  galvanometer  from  P  to  C,  joining  the  current  through  A  C  and 
thence  flowing  through   C  B,  as  in  an  ordinary  Wheatstone  bridge 
with  the  resistance  of  the  fourth  arm  infinite.     When  P  touches  Q  a 
rush  of  current  into  the  condenser  occurs,  through  the  parallel  circuits 
A  D  and  AGP.     The  portion  ia  of  this  passing  through  the  gal- 
vanometer is  shown  in  fig.  8,  and  when  the  galvanometer  is  balanced, 


o- 


-T Jj 


Fig. 


the  total  quantity  flowing  from  C  to  P  during  the  charge,  or  I  ia  dt, 

is  equal  to  the  quantity  flowing  from  P  to  C  or  icT.  At  the  moment 
of  breaking  contact  between  P  and  Q  the  charging  current  has  a  cer- 
tain value  m  n  which  should  be  negligibly  small,  but  which,  as  stated 
above,  is  sometimes  appreciable.     In  the  latter  case  the  galvanometer 

reading  is  likely  to  be  unsteady,  due  to  variations  in   I  ia  dt,  since  the 

duration  of  tx  will  not  be  always  exactly  the  same  and  a  wrong  value  of 
C  will  be  found.     If,  however,  the  charging  is  over  before  contact  is 
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broken  (that  is,  if  the  remainder  I  la  dt  which  would  flow  in  if,  contact 


*  I  fa 


were  continued  through  the  remainder  of  a  period,  is  negligible),  then 
the  the  exact  duration  of  tx  is  of  no  consequence,  the  galvanometer 
reading  will  not  vary  even  though  tx  varies,  and  a  correct  value  of  0 
will  result. 

Evidently  the  completeness  of  the  charging  of  the  condenser  will 
depend  on  (1)  the  quantity  CEX  which  is  necessary  for  complete  charge, 
(2)  the  duration  of  the  charge,  (3)  the  resistance  through  which  the 
condenser  is  charged,  and  (4)  the  electromotive  force  effective  in  pro- 
ducing the  charging  current.  Of  these  factors  the  first  will  depend 
upon  the  capacity  of  the  condenser  and  the  A^oltage  Ex  to  which  it  is 
charged.  The  latter  depends  not  only  on  i^the  voltage  of  the  battery, 
but  also  on  the  values  of  the  resistances  of  the  bridge.  If  d  is  very 
large  compared  with  a  and  c  the  potential  Et  on  the  condenser  at  the 
end  of  the  charge  will  be  nearly  as  great  as  E,  but  if  d  is  small  and  c 
large  this  potential  Ex  is  smaller.  Hence,  although  the  time  required 
for  complete  charge  of  the  condenser  does  not  change  if  E  is  changed, 
the  resistances  remaining  the  same,  it  does  vary  if  Ex  is  varied  by 
altering  the  resistances.  The  duration  of  the  charge  tt  depends  of 
course  on  the  construction  and  speed  of  the  commutator. 

If  the  condenser  is  not  fully  charged,  the  quantity  — ^  (equation  3) 

will  not  give  the  true  capacity  0  but  an  apparent  capacity  C0  and  we 
may  put 

where  Q0  is  the  actual  charge  the  condenser  receives  and  Ex  the  poten- 
tial to  which  it  is  charged.  The  expression  for  the  quantity  of  elec- 
tricity which  flows  into  a  condenser  of  capacity  C  in  the  time  t  is 

Q0=Q(l-*nni)=CEl(l-e-<?2)  (5) 

In  the  present  case  t=tt  and  R,  the  resistance  through  which  the 
charging  takes  place  has  a  value  i?2  yet  to  be  determined.     Hence 

.:C0=C(l-e~cT%) 
=  C(l-A) 

where  C0  is  the  apparent  capacity  ^-g  and  A  is  the  correction  term 
depending  on  the  completeness  of  the  charge.    Thus  the  true  capacity  is 

C~nR  \-A  (6) 
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and  A  is  to  be  made  as  small  as  possible.  Thus  we  may  correct  the 
value  of  the  capacity  C0  derived  from  the  expression  C0— — p^we 

know  the  values  of  the  quantities  ^,  i?2,  and  the  approximate  value  of 
C.  Usually  O  and  C0  are  so  nearly  equal  that  C0  may  be  used  for  C 
in  the  exponential  expression  for  A.  We  can  easily  determine  tx  as  a 
fraction  of  T  by  putting  an  ammeter  in  place  of  the  condenser  and 
observing  the  angle  of  the  circumference  through  which  the  circuit 
remains  closed  in  the  charging  position  when  the  commutator  is  rotated 
through  an  angle  corresponding  to  one  cycle.  We  shall  now  deter- 
mine i?8  and  then  show  not  simply  how  to  calculate  the  correction 


mmm- 


Fig.  9. 


Fig.  10. 


term  A,  but  also  how  to  make  its  value  negligibly  small  in  every  case 
so  that  no  correction  need  be  applied. 

4.  The  Calculation  of  R2  and  the  Correction  Term  A. 

Suppose  we  have  a  circuit  including  a  condenser  of  capacity  (?,  a 
resistance  R,  and  a  battery  of  resistance  h  and  e.  m.  f .  E.  Then  the 
quantity  entering  the  condenser  in  time  t  is 


q=CE\l  —  £     C(R+b)j 


(7) 


The  resistance  through  which  the  condenser  is  charged  is  of  course 
I2-\-b,  the  whole  resistance  external  to  the  condenser. 

If  a  resistance  r  short-circuits  the  condenser,  a  steady  current  ix  will 
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flow  through  it  when  the  condenser  is  fully  charged,  and  the  potential 
to  which  the  condenser  is  charged  is  therefore 

Ex=ixr 

To  find  the  expression  for  £,  the  quantity  of  electricity  in  the  con- 
denser at  any  instant,  we  suppose  the  circuit  is  suddenly  closed  at  the 
battery,  and  as  the  condenser  receives  its  charge  the  difference  of 
potential  e  at  the  terminals  of  r  rises  gradually,  being  always  equal  to 
the  difference  of  potential  of  the  terminals  of  the  condenser  which  are 
joined  to  the  circuit  by  wires  of  negligible  resistance.     Then 

ix=-        =the  current  at  any  instant  through  ?\ 

de 
i%—  O-jt  =the  current  at  any  instant  into  the  condenser. 

E—e 
i  =  p  ,  7=the  current  at  any  instant  through  the  battery. 

Therefore,  since  &%=%rH85 

E—e_  e     nde 

Er-(R+b+r)e_     de 
or'         (R+b)r       ~Cdt 

de  dt 


Er-(R+b+r)e~  C{R+b)r 

r-(R+h+r)de  _       r{R+b+r)dt,  K 
J0Er-(R+b+r)e--J0    C(R+l)r    "^ 


log( 


—Wwrt+K 


To  find  the  constant  of  integration  iTwe  notice  that  when  t=o,  e—o\ 
therefore 

\og(Jfr)=K 
Hence, 


.      fEr-(R+h+r)e\         (R±b±r). 
lo2  V ~Er )=~C(R+b)r  t 


Er  '  Pumn^  **     R+h+r 


e=mm  m-rR*c)  (8) 


ROSA 
GROVER. 


■ER.  J 


ABSOLUTE  MEASUREMENT  OF  CAPACITY. 


166 


When  the  condenser  is  fully  charged  and  therefore  i—i^  the  value 
of  e  will  be  given  by  the  expression 

e  _        r 
E~R+b+r 
Calling  this  final  value  of  the  potential  at  the  terminals  of  the  con- 
denser j5i,  we  have 


e=Ex     (1—e  *c) 


(9) 


or     q=CE1{l  —  e  W) 


(10) 


This  expression  is  of  the  same  form  as  (7),  and  we  notice  that  the 

(R+b)r 
value  of  i?2  in  this  case,   p  .  -,!    ,  is  the  joint  resistance  from  B  to  D 

through  the  two  paths  r  and 
R-\-b;  that  is,  the  resistance  ex- 
ternal to  the  condenser,  as  in  the 
simpler  case  fig.  9. 

We  have  assumed  in  this  dem- 
onstration that  the  circuit  is 
made  and  broken  at  E,  fig.  10. 
The  result  would,  however,  be 
the  same  if  it  were  made  and 
broken  at  C.  In  the  latter  case 
the  current  ix  would  be  flowing 
through  r  when  contact  is  made  r 
at  (7,  but  instantly  this  current 
would  cease  and  the  potential 
of  the  terminals  of  r  would 
become  equal,  since  the  two 
plates  of  the  condenser  have 
equal  potentials  when  contact  is  made.  For,  the  inductance  and  electro- 
static capacity  of  the  resistance  r  are  assumed  zero,  and  hence  joining 
its  terminals  to  the  plates  of  a  condenser  of  finite  capacity  would 
cause  it  to  assume  instantly  the  potential  of  the  condenser.  The 
current  ix  and  difference  of  potential  e  would  then  rise  logarithmically 
in  exactly  the  same  manner  as  if  the  circuit  had  been  made  at  E. 

We  see  from  the  foregoing  that  the  charge  q  of  the  condenser  rises 
to  its  final  value  logarithmically  in  exactly  the  same  time  that  it  would 
if  it  flowed  through  the  parallel  paths  R-\-~b  and  r,  as  shown  in  fig.  11, 
the  battery  resistance  being  assumed  zero  in  the  latter  case.  The 
cases  are  not  alike,  however,  as  in  the  latter  the  whole  current  flows 
into  the  condenser  and  the  presence  of  r  accelerates  the  charge,  while 

3172°— 15 3 


Fig.  11 
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in  the  case  of  fig.  10  the  resistance  r  shunts  off  a  portion  of  the  cur- 
rent away  from  the  condenser.  But  in  this  case  the  total  charge  is 
less  than  in  the  case  of  fig.  11,  being  CEX  in  one  case  and  CE  in  the 


other,  Ex  being 


E.     Since  we  have  proved  that  the  time  of 


B+b+r 

reaching  full  charge  is  exactly  the  same  in  both  cases,  it  is  evident 
that  these  two  opposing  influences  exactly  counterbalance  one  another; 
that  is,  that  r  tends  to  reduce  the  time  of  charge  of  the  condenser  in 


Fig.  12 


the  first  case  (fig.  10)  by  reducing  the  total  charge  exactly  as  much  as 
it  tends  to  increase  it  by  shunting  away  some  of  the  battery  current  i. 
Referring,  therefore,  to  equation  (10)  we  see  that  i?2  of  the  exponent, 
which  is  the  joint  resistance  external  to  the  condenser,  is  not  strictly 
the  resistance  through  which  the  condenser  is  charged,  but  that  the 
time  of  charge  of  the  condenser  is  the  same  as  though  it  were  if  the  con- 
denser were  charged  to  the  full  voltage  of  the  battery.  In  the  latter 
case  the  charging  current  is  larger  than  in  the  former,  but  the  time 
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required  to  reach  any  given  percentage  of  the  final  charge  is  the  same 
in  both. 

To  get  B%  in  the  case  of  the  Wheatstone  bridge,  fig.  7,  we  must 
find  similarly  the  total  resistance  external  to  the  condenser — that  is, 
from  B  to  D. 

Here  again  i?2  will  not  be  the  resistance  through  which  the  conden- 
ser is  charged,  but  it  will  be  an  equivalent  resistance  if  the  condenser 
were    charged  to  the  full  voltage  of    the  battery.     Evidently  the 


Fig.  13. 


resistance  d  shunts  away  some  of  the  battery  current  that  would  other- 
wise go  into  the  condenser,  bat  at  the  same  time  it  reduces  the  final 
voltage  to  which  the  condenser  is  charged,  and  so  reduces  the  quantity 
q  and  thus  the  charging  current  necessary.  We  require  the  network 
resistance  B2  from  B  to  D,  and  then  the  exponential  expression  (10) 
will  give  us  the  time  required  for  the  condenser  to  acquire  any  given 
fractional  part  of  its  final  charge.  The  bridge  may  be  rearranged  as 
in  fig.  12,  and  since  we  wish  to  determine  the  resistance  of  the  net- 
work from  D  to  B,  outside  the  condenser,  we  may  take  the  case 
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shown  in  fig.  13  where  the  condenser  is  omitted  and  the  batteiy  trans- 
ferred from  AB  to  the  outside  branch  BD,  the  resistances  of  the 
five  branches  of  the  network  remaining  unaltered. 

The  distribution  of  currents  according  to  KirchhofPs  first  law  is 
given  in  fig.  13,  and  by  the  second  law 


(i-x)  c+(i-x-y)  b+0  =  E\ 

xg—ya—{i—x)  c  =0    \ 

ya+(x+y)  d—(i—x—y)b=0   J 

Equations  (8)  rearranged  give 

i  (b+c)-x  (b+c)  -yb  =E 

—ic  +x  (c+g)  —ya  =0 

-ib  -i-x  (b+d)+y  (a+b+d)=0  . 

Solving  these  equations  for  i  we  have 


(8) 


0) 


^  = 


E  -(b+c)  -b 
0  +(c+g)  -a 
0       +  (b+d),  (a+b+d) 

(b+c),-(b+c)        -b     j 
—c      +  (c+g)        —a 
-b      +(b+d),  (a+b+d 


(c+g),     -a 
(b+d),(a+b+d) 


(10) 


Hence,  since  R2  — 


E 


B9  = 


(c+g),      -a 
(b+d),  (a+b+d) 

a  (b+c)  (d+g)+bc  (d+g)+dg  (b+c) 
a  (b+c+d+g)+(b+d)  (c+g) 


(11) 


(12) 


This  is  the  resistance  of  the  network  from  B  to  D  of  fig.  13  and  hence 
also  of  fig.  7. 
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If  d  is  infinite  (that  is,  if  the  arm  OB  is  removed),  the  value  of  R2 
becomes,  dividing  numerator  and  denominator  of  (12)  by  d=&> , 


m= 


bc+gc+bg+ac+ab __,     c  (a+g) 


(13) 


Thig.  is  obviously  the  resistance  from  B  to  D  through  the  battery  of 
resistance  b  and  the  two  parallel  circuits  AD  and  A  CD  of  resist- 
ances c  and  a-\-g,  respectively.  This  is  a  much  simpler  expression 
than  (12)  and  yet  when  d  is  large  the  value  of  i?2,  calculated  from  the 
assumption  of  d—  qo  ,  nearly  agrees  with  the  true  value,  and  so  may  be 
used  in  determining  whether  the  condenser  in  any  given  case  is  fully 
pharged.  The  following  numerical  examples  illustrate  the  calculation 
of  B2  and  of  the  completeness  of  the  charge  of  the  condenser  in  sev- 
eral special  cases. 
In  each  case  ^=20  ohms. 

b =20  ohms. 

T^.01  sec. 
.    v  ^  =  .002  sec. 

Table  I. — Values  of  correction  term  A. 
[Capacity=l  microfarad.] 


By  formula  12. 

By  approximate  formula  13. 

B* 

RzC 

A  =  €       ^C 

-R'2 

A>=<    R'*C 

fa-c- 1,000 

}  499.74 
J  499.74 
J     74.12 
}  116.10. 

4.02 

4.02 

26.98 

17.24 

0. 0179 

0.0179 

].9xl0~12 

3.3xl0~8 

524. 9 
945.6 
74.54 
127.14 

3.82 

2.12 

26.83 

15.73 

0.022 
0.121 
2.2X10"13 
14.7X10-8 

CaseI—|d=      10,000 

fa-d-1,000 

Case  II -J              *"' 

\c  =       10,000 

fa-c-100 

Casein..  J 

\d=      10,000 

(a-      100 

Case  IV..         ,    ,  _ 

[c—d— 1,000 
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Table  II. —  Values  of  correction  term  A. 
[Capacity=0.1  microfarad.] 


By  formula  12. 

By  approximate  formula  13. 

R, 

k 

RoC 

_    h 

A=c     B*C 

*'2 

k 
R'2C 

A'=€     R'*C 

fa=c=10,000 

Casel....|d=      mm 

fa-       1,000 

i 

! 
1 

) 

784.0 
866.9 

74.5 

126.0 

4.18 
23.1 
268.4 

159.0 

0.0153 
9.6X10"11 
2.7xlO~117 

8.9xl0~T0 

5005.0 
945.6 
74.54 

'127.14 

4.00 
21.2 
268.3 

157.3 

0.0183 
6.2X10-10 
3.0X10-117 

4.8xlOHJ• 

Ca8eII-i=d=io,ooo 

fa— c— 100 

Caselll. J 

\d=      100,000 

[a—       100 

Case  IV.. ic  —       1,000 

\d=      10,000 

Case  I  of  Table  I,  where  the  two  ratio  arms  of  the  bridge  are  each 
1,000,  gives  an  exponential  correction  term  A  of  nearly  2  per  cent 
(0.0179) ;  while  case  II,  in  which  the  resistances  c  and  d  are  interchanged, 
has  the  same  value  for  B2  and  hence  for  A.  Case  III,  in  which  the 
two  ratio  arms  are  reduced  to  100  each,  gives  i?2=74.12  and  a  correc- 
tion term  of  only  1.9  X 10-12,  that  is  two  parts  in  a  million  million!  Case 
IV,  intermediate  between  I  and  III,  where  one  ratio  arm  is  100  and 
the  other  1,000,  gives  i?2=116  and  A =3.3  X  10~8,  again  a  wholly  negli- 
gible quantity.  Thus  we  see  how  important  is  the  choice  of  the  ratio 
arms  of  the  bridge.  These  values  are  all  based  on  a  capacity  of  1 
microfarad,  as  stated  above,  and  for  so  large  a  capacity  we  see  that 
there  must  be  (for  a  time  of  charge  as  small  as  0.002  sec.)  at  least  one 
path  of  relatively  low  resistance  for  the  charging  current. 

When,  however,  the  capacity  is  only  0.1  mf,  the  correction  term  is 
a  totally  negligible  quantity  in  all  these  cases,  if  we  retain  the  same 
value  for  a  and  c  as  in  cases  II  to  IV  inclusive  of  Table  II;  but  if  we 
increase  a  and  c  to  10,000,  as  in  case  I,  Table  II,  we  have  a  correction 
term  of  more  than  1.5  per  cent. 

The  approximate  calculation  (assuming  d=oo)  gives  a  sufficiently 
accurate  value  in  every  case  except  those  where  the  term  A  is  large, 
and  these  cases  are  to  be  avoided  in  practice.  It  is  therefore  always 
safe  to  make  the  simpler  calculation  by  formula  13,  and  if  the  correc- 
tion term  found  is  not  negligible  the  resistances  should  be  so  altered 
that  it  becomes  negligible. 
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5.  Methods  of  Charging  the  Condenser. 

Thomson  a  and  Glazebrook b  charged  and  discharged  the  condenser 
by  means  of  the  vibrating  armature  of  a  small  electromagnet  the  cur- 
rent through  which  was  interrupted  by  a  tuning  fork.  The  armature 
is  mounted  on  a  spring  of  brass  and  has  a  natural  period  of  vibration 
approximately  equal  to  that  of  the  fork.  Rosac  used  a  tuning  fork 
without  the  vibrating  armature,  each  prong  of  the  fork  carrying  a 
platinum-tipped  wire  which  dipped  into  a  mercury  cup  alternately  as 
the  fork  vibrated.  Thus  the  condenser  was  charged  by  contact  in  one 
mercury  cup  and  discharged  by  the  other.  The  two  wires  were  joined 
together  and  corresponded  to  the  tongue  .Pof  fig.  7;  the  mercury  cups 
were  Q  and  B  of  the  same  figure. 

At  the  Physikalisch-Technische  Reiehsanstalt d  a  special  form  of  hor- 
izontal torsion  pendulum  has  been  used,  vibrations  being  maintained 
by  electromagnets  actuated  by  a  current  interrupted  by  the  pendulum, 
similar  to  the  usual  method  of  driving  a  tuning  fork. 

Quite  distinct  from  the  above  vibration  methods  of  charging  the  con- 
denser is  the  method  of  the  rotating  commutator  as  used  by  Thomson 
&  Searle,6  Glazebrook/ and  Fleming  and  Clinton.^  A  description  of 
Thomson  &  Searle's  commutator  (the  same  instrument  was  used  by 
Glazebrook)  is  also  given  by  Gray.A 

The  Bureau  of  Standards  possesses  a  well-made  rotating  commutator 
purchased  from  Edelmann,  in  which  carbon  brushes  running  on  bronze 
segments  separated  by  pieces  of  agate  are  employed.  We  found,  how- 
ever, that  there  was  an  appreciable  leakage  over  the  surface  of  the 
commutator  impossible  to  eliminate,  and  also  that  the  carbon  brushes 
did  not  make  satisfactory  contact.  We  therefore  designed  and  had 
built  in  the  instrument  shop  of  the  Bureau  a  new  form  of  commutator 
which  has  been  used  in  all  of  our  work. 

«  J.  J.  Thomson:  Phil.  Trans.,  1883. 

&K.  T.  Glazebrook:  Phil.  Mag.,  1884. 

«  E.  B.  Kosa:  Phil.  Mag.,  1889. 

d  Dittenberger  and  Griineisen:  ZS.  f.  Instrk.,  April,  1901,  p.  112. 

«  Thomson  and  Searle:  Phil.  Trans.,  1890. 

/Glazebrook:  Electrician,  25;  189C. 

0  Fleming  and  Clinton:  Phil.  Mag.,  May,  1903. 

A  Absolute  measurements,  vol.  II,  part  II,  p.  637. 
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6.  Description  of  the  Commutator. 

The  design  of  the  commutator  is  shown  in  figs.  14,  15,  and  16. 
Fig.  14  gives  a  plan,a  and  fig.  15  a  front  elevation,  of  the  commutator, 
and  fig.  16  an  end  elevation  of  two  of  the  disks.  The  commutator 
consists  of  two  separate  and  distinct  instruments  combined  into  one, 
only  one  being  used  ordinarily  at  once.  The  first  part  consists  of  the 
disk  Z  and  the  two  sets  of  contact  pieces  and  brushes  belonging  to  it. 
This  constitutes  the  commutator  used  in  the  bridge  method  of  measur- 
ing capacity,  as  described  in  this  paper.  The  second  part  consists  of 
the  two  disks  X  and  ^Fand  their  contact  pieces  and  brushes,  and  this 
constitutes  a  secohmmeter  or  double  commutator  for  use  in  comparing 
capacities  or  inductances  with  one  another,  or  in  comparing  a  capacity 
with  an  inductance. 

These  disks  are  mounted  on  a  steel  shaft  as  shown,  the  latter  being 
directly  coupled  to  a  driving  motor  capable  of  maintaining  a  very  con- 
stant speed.  At  the  opposite  end  of  the  shaft  from  the  coupling  is  a 
metal  disk  P,  behind  which  is  a  small  electric  lamp  iV7",  fig.  14.  There 
are  four  sets  of  fine  holes  in  the  disk  each  in  a  separate  circle  near  the 
circumference  of  the  disk,  the  holes  of  each  set  being  equally  spaced 
and  capable  of  being  viewed  through  a  microscope  mounted  in  front. 
The  objective  of  this  microscope  is  carried  on  one  prong  of  an  elec- 
trically driven  tuning  fork,  and  the  electric  lamp  is  so  placed  as  to 
illuminate  the  holes  of  any  one  of  the  four  sets  as  the  disk  revolves. 
There  are  4,  6,  8,  and  10  holes,  respectively,  in  each  of  the  four  series, 
and  using  any  one  of  these  we  have  a  stroboscopic  method  of  compar- 
ing the  speed  of  the  disk  (that  is,  of  the  commutator)  with  the  rate  of 
the  fork.  For  example,  if  the  fork  vibrates  100  times  per  second  and 
the  microscope  is  set  to  observe  the  holes  of  the  first  series,  then  if 
the  commutator  is  running  at  a  speed  of  exactly  25  revolutions  per  sec- 
ond the  vertical  band  of  light  seen  in  the  microscope  will  appear 
stationary.  Any  variation  in  speed  will  be  indicated  by  the  shifting 
position  of  this  band.  If  the  lamp  and  miscroscope  be  shifted  laterally 
about  7  mm  the  fourth  series  of  holes  will  be  seen  and  a  speed  of  10 
revolutions  per  second  will  give  the  stationary  band  as  seen  before. 
Between  these  extreme  positions  lie  the  other  two  series  of  holes  which 
may  be  used  with  intermediate  speeds. 

a  Plan  of  commutator — X,  Y,  Z,  disks  of  hard  rubber;  h,  k,  brass  rings;  a,  6,  c,  d,  ey 
projecting  segments;  C,  G,  brushes  touching  a,  b;  D,  H,  brushes  touching  c,  d,  e; 
K,  brush  touching  ring  h;  f,  g,  f,  g' ',  insulated  brass  segments;  A,  E,  B,  F,  rubber 
posts  carrying  brushes,  latter  touching  segments.  T,  U,  T',  U,  brass  rings,  on  which 
brushes,  I,  L,  J,  M,  bear;  P,  stroboscopic  disk;  N,  lamp;  R,  S,  bearings  of  shaft; 
Q,  Q',  oil  cups.     (See  also  fig.  15. ) 
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This  method  of  measuring  the  speed  of  the  commutator  in  terms  of 
the  frequency  of  the  fork  is  very  convenient  and  sensitive.  We  found 
it  practicable,  by  recording  the  number  of  revolutions  on  a  chrono- 
graph together  with  the  second  beats  of  a  chronometer  to  redetermine 
the  frequency  of  the  fork  as  often  as  desired.  In  the  course  of  the 
work,  however,  we  found  another  method  of  controlling  the  speed, 
described  below,  which  proved  even  more  sensitive  and  more  accu- 
rate, and  we  therefore  abandoned  the  stroboscopic  device  in  the  later 
work. 

The  end  of  the  shaft  next  this  stroboscopic  disk  carries  a  worm 
which  meshes  into  a  gear  of  50  teeth.  The  latter  carries  a  stud  which 
touches  a  platinum  point  at  every  revolution  of  the  gear,  correspond- 
ing to  50  revolutions  of  the  commutator.  This  makes  a  very  short 
electric  contact  which  gives  a  sharp  record  on  the  chronograph  sheet 
on  which  the  second  beats  of  the  chronometer  are  also  recorded. 
Reading  off  these  contacts  with  a  diagonal  scale  a  very  exact  value 
of  the  frequency  can  be  obtained,  supposing  it  to  be  maintained  con- 
stant for  a  few  minutes  at  a  time.  Examples  of  these  records  and  of 
the  calculated  frequency  will  be  given  later. 

Different  views  of  the  disk  Z  appear  in  figs.  14,  15,  and  16.  This 
disk  is  of  hard  rubber  and  is  2.5  cm  thick.  On  its  perimeter  two  rings 
of  brass  are  mounted,  one  carrying  four  equidistant  projecting  seg- 
ments of  brass  and  the  other  eight  narrower  segments,  each  about  half 
the  angular  breadth  of  the  first.  These  two  rings  are  metallically  con- 
nected and  a  brush  iT(fig.  14)  bears  on  the  edge  of  one  ring.  Two  sets 
of  wire-gauze  brushes,  (7,  G,  and  D,  H,  are  supported  on  hard  rubber 
posts  FT  and  W.  Only  one  pair  of  brushes  is  used  at  a  time,  C  and 
G  or  D  and  H.  In  the  first  case  contact  will  be  made  on  the  four- 
segment  ring  and  in  the  second  case  on  the  eight-segment  ring.  The 
brushes  are  set  at  such  angular  positions  that  only  one  touches  a  seg- 
ment at  once,  the  other  being  between  two  segments  during  contact  of 
the  first.  Referring  to  fig.  7,  the  brush  K  corresponds  to  the  tongue 
P,  and  the  brush  C  or  D  to  the  point  i?,  while  G  or  iT represents  Q. 
Thus,  as  the  commutator  revolves  and  the  brush  K  is  alternately 
joined  to  C  and  G,  the  condenser  is  discharged  and  charged  four 
times  per  revolution.  The  angular  breadth  of  segments  a,  b  is  such 
that  contact  between  K  and  Q  continues  for  about  one-fifth  of  a 
period,  and  if  the  commutator  is  running  at  25  revolutions  per  second 
the  frequency  of  charge  and  discharge  is  100  per  second  (7  =  .01)  and 
the  duration  of  charges  is  0.002  sec.  (See  p.  169.)  Using  the 
brushes  D  and  ^Tthe  frequency  would  be  doubled  at  the  same  speed 
of  the  commutator. 
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The  object  of  this  particular  construction  was  to  secure  the  highest 
possible  insulation  between  Q  and  B/  that  is,  between  the  brushes 
^and  G.  When  brushes  bear  continuously  on  a  cylindrical  surface  of 
any  insulating  medium  in  which  metal  segments  are  inserted,  moisture, 
dirt,  and  metallic  particles  are  liable  to  gather  on  the  insulating  seg- 
ments and  reduce  the  insulation  resistance.  This  is  the  more  notice- 
able when  measuring  small  capacities,  as  those  of  air  condensers,  and 
under  these  circumstances  precise  measurements  are  difficult.  With 
the  brushes  touching  only  the  metallic  segments  and  one  brush  entirely 
off  the  disk  while  the  other  makes  contact,  we  have  the  insulation 
afforded  by  the  hard-rubber  columns  TF,  W  to  separate  B  and  Q. 
These  columns  are  undercut  (like  so-called  petticoat  insulators),  and 
the  length  of  the  leakage  path  over  the  surface  is  thereby  consider- 
ably increased.  The  connecting  wires  are  clamped  by  the  screws  at 
the  tops  of  the  hard-rubber  columns,  and  hence  the  circuits  are  thor- 
oughly insulated  from  the  base  of  the  instrument.  The  brush  iTis  of 
phosphor  bronze  and  laminated.  The  brushes  C,  Z>,  Gi  H,  are  of  woven 
copper-wire  gauze  beveled  at  the  end,  so  that  the  tips  are  quite  flexi- 
ble. Each  brush  is  supported  by  a  phosphor-bronze  strip  at  the  back, 
which  is  adjusted  by  means  of  the  screw  m.  The  brush  can  thus 
be  so  adjusted  as  to  make  good  contact  on  the  projecting  segments 
throughout  their  entire  breadth  without  bearing  so  hard  against  them 
as  to  wear  out  the  brush  too  rapidly.  The  commutator  runs  quietly 
and  is.  on  the  whole,  very  satisfactory. 

Each  of  the  disks  JTand  Scarries  four  insulated  brass  segments,  as 
shown  in  fig.  16.  The  two  opposite  brushes  of  each  disk  [A,  E,  and 
B,  E)  make  contact  simultaneously  on  adjacent  segments.  Two  of 
these  segments  are  joined  to  the  ring  T  and  the  other  two  to  Z7,  the 
opposite  ones  being  joined  to  the  same  ring.  Thus,  as  in  a  secohm- 
meter,  the  two  brushes  /,  L  are  joined  successively  to  A,  i^and  E*  A 
as  the  disks  revolve,  so  reversing  any  electric  current  through  them. 
In  comparing  capacities  or  inductances  by  a  bridge  method  one  disk 
will  of  course  be  in  the  battery  circuit  and  the  other  in  the  galvanometer 
circuit. 

The  brushes  Z  L.  .7,  J/^are  of  phosphor  bronze  and  laminated;  the 
brushes  .4,  B,  E,  i^areof  woven-wire  gauze  like  the  brushes  C,  D.  G,  JT, 
and  are  mounted  similarly.  The  insulation  is  made  thorough  by  using 
hard-rubber  columns,  as  before. 

The  angular  position  of  one  disk  with  respect  to  the  other  ma}'  be 
altered  so  as  to  give  any  desired  phase  relation  between  the  commuta- 
tion of  the  two  circuits. 
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7.  Measurement  of  the  Frequency. 

As  already  stated,  the  original  intention  was  to  determine  the  fre- 
quency of  the  charge  and  discharge  of  the  condenser  by  means  of  an 
electrically  driven  tuning  fork,  the  rate  of  the  fork  being  redetermined 
from  time  to  time.  The  stroboscopic  attachment  to  the  commutator 
indicated  when  the  speed  of  the  commutator  and  of  the  fork  were  alike. 
It  was,  however,  found  in  practice  that  the  speed  could  be  regulated 
by  observing  the  deflections  of  the  galvanometer  much  more  readily 
than  by  watching  the  movements  of  the  band  of  light  in  the  microscope 
of  the  stroboscopic  device.  In  the  latter  case  the  band  of  light  would 
often  be  at  an  extreme  position  to  the  right  or  left  where  the  sensibil- 
ity is  a  minimum  and  insufficient;  a  second  difficulty  was  that  when 
the  speed  varied  considerably  it  was  not  always  easy  to  decide  whether 
t  was  too  fast  or  too  slow,  while  a  third  objection  is  that  it  requires 
two  observers  constantly — one  at  the  galvanometer  telescope,  the  other 
at  the  microscope. 

On  the  other  hand,  abandoning  the  stroboscopic  device  altogether 
the  observer  at  the  galvanometer  telescope  could,  by  controlling  the 
speed  of  the  driving  motor,  keep  the  galvanometer  deflection  continu- 
ously at  or  near  zero,  and  the  number  of  revolutions  of  the  commuta- 
tor and  the  beats  of  a  chronometer  being  simultaneously  recorded 
on  the  chronograph,  the  mean  frequency  for  the  period  of  the  run 
could  be  afterwards  calculated  with  great  precision.  The  only  disad- 
vantage of  this  method  is  the  labor  of  taking  off  the  record  from  the 
chronograph  sheet;  but,  on  account  of  changes  in  the  frequency  of  the 
fork,  it  is  necessary  to  do  this  frequently  even  if  the  stroboscopic  device 
is  employed.  We  therefore  abandoned  the  use  of  the  tuning  fork 
entirely  and  determined  the  speed  of  the  commutator  for  every  sepa- 
rate measurement  by  a  sufficiently  long  record  on  the  chronograph  to 
give  the  desired  accuracy. 

In  the  earlier  part  of  our  work  we  used  a  small  driving  motor  and 
found  difficulty  in  securing  sufficient  constancy  of  speed  to  keep  the 
galvanometer  balanced.  Small  variations  in  the  friction  in  bearings 
or  brushes  of  commutator  or  motor  varied  the  load  and  so  the  speed. 
We  have  since  used  two  different  driving  arrangements  which  have 
been  satisfactory.  One  was  a  testing  set  consisting  of  a  10-horsepower 
motor  and  two  direct-connected  generators,  the  commutator  being 
directly  coupled  to  the  shaft  at  one  end  of  the  set.  With  this  arrange- 
ment there  was  large  momentum  and  very  uniform  friction,  and  the 
speed  was  controlled  by  a  carbon  rheostat  in  the  armature  circuit  of 
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the  driving  motor.  The  brushes  and  bearings  being  kept  in  good 
condition,  the  speed  could  be  maintained  remarkably  uniform  for  any 
desired  period.  The  most  serious  objection  to  this  arrangement  was 
that  the  machines  were  too  heavy  to  take  into  the  laboratory,  and  the 
work  was  done  in  the  dynamo  room.  The  driving  machine  employed 
at  present  is  a  small  motor-generator  set  (0.5  kw.  motor  and  a  0.3  kw. 
alternator),  which  are  mounted  conveniently  on  a  wooden  base  which 
also  accommodates  the  commutator.  A  comparatively  heavy  fly  wheel 
is  used  to  steady  the  speed,  and  a  light  load  is  usually  added  by  light- 
ing up  two  electric  lamps  from  the  generator.  The  galvanometer  is 
so  sensitive  that  the  slightest  fluctuations  in  speed  are  noticeable,  and 
hence  bearings  and  brushes  must  always  be  kept  in  good  condition 
and  end  thrust  of  the  shaft  avoided. 

It  is  of  course  not  possible  to  hold  the  speed  exactly  constant,  nor  the 
galvanometer  exactly  on  zero.  The  observer  keeps  his  hand  con- 
stantly on  the  wheel  of  the  carbon  rheostat  and  quickly  checks  any 
tendency  toward  increase  or  decrease  of  speed  as  indicated  by  the  gal- 
vanometer deflection  going  to  the  right  or  left.  Such  small  deflections 
to  the  right  and  left  are  balanced  against  each  other  during  the  run  so 
that  the  average  deflection  is  as  nearly  zero  as  possible,  and  this  can 
be  done  so  well  that  there  is  no  advantage  in  actually  recording  these 
deflections  and  then  computing  a  correction  from  the  average  deflec- 
tion, as  the  correction  is  insignificant.  By  this  method  of  keeping  the 
resistances  constant  and  holding  the  deflection  as  nearly  zero  as  possi- 
ble for  three  or  four  minutes  while  the  number  of  revolutions  is  being 
recorded  on  the  chronograph  we  get  nearly  the  same  result  as  though 
the  speed  had  been  kept  strictly  constant  and  the  mean  of  a  number 
of  settings  of  the  resistance  were  taken. 

We  give  below  two  tables  showing  the  determination  of  frequency 
in  a  number  of  cases  for  each  of  the  driving  systems  employed,  that 
of  March  30  using  the  heavy  machines,  when  measuring  the  capacities 
of  air  condensers,  and  that  of  July  27  using  the  lighter  machines,  when 
measuring  the  capacities  of  some  mica  condensers. 
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Table  III. — Examples  of  the  determination  of  the  frequency  in  six  runs  of  March  SO. 


Run  1. 

Run  3. 

•  Chronograph  record. 

Chronograph  record. 

Interval. 

Interval. 

Beginning. 

End. 

Beginning. 

End. 

Min.  sec. 

Min.   sec. 

Seconds. 

Min.   sec. 

Min.   sec. 

Seconds. 

0    20.44 

3    58.38 

217. 94 

0    12. 63 

3    58.58 

225.  95 

22.43 

4      0.38 

.95 

14.63 

4      0.58 

.95 

24.44 

2.39 

.95 

16.63 

2.57 

.94 

26.44 

4.39 

.95 

18.62 

4.57 

.95 

28.44 

6.39 

.95 

20.62 

6.57 

.95 

30.44 

8.39 

.95 

22.62 

8.57 

.95 

32.44 

10.39 

.95 

24.62 

10.57 

.95 

34.44 

12.39 

.95 

26.61 

12.57 

.96 

36.44 

14.38 

.94 

28.61 

14.56 

.95 

38.44 

16.38 

.94 

30.61 

16.56 

.95 

21,800  charges=     217.947  seconds. 

22,600  charges  =     225.950  seconds. 

n^  21.800     1(X)024 

n-3™-100.022. 

217.947 

225.950 

Run  2. 

Run  4. 

Min.   sec. 

Min.   sec. 

Seconds. 

Min.  sec. 

Min.  sec. 

Seconds. 

5    18.35 

9    14.68 

236. 33 

4    50.57 

8    46.75 

236. 18 

20.35 

16.68 

.33 

52.57 

48.75 

18 

22.36 

18.68 

.32 

54.58 

50.76 

18 

24.37 

20.69 

.32 

56.58 

52.76 

18' 

26.37 

22.69 

.32 

58.58 

54.76 

18 

28.38 

24.69 

.31 

5      0.58 

56.76 

18 

30.38 

26.69 

.31 

2.59 

58.76 

17 

32.38 

28.69 

.31 

4.59 

9      0.76 

17 

34.39 

30.70 

.31 

6.59 

2.77 

18 

.36.39 

32.70 

.31 

8.59 

4.77 

18 

23,600  charges=     236.317  seconds. 

23,600  charges=     236.178  seconds. 

n-^^fi— 99.868. 

n^  23>600  ^99.925. 

236.317 

236.178 
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Table  III. — Examples  of  the  determination  of  frequency — Continued. 


Run  5. 

Run  6. 

Chronograph  record. 

Interval. 

Chronogra 

ph  record. 

Interval. 

Beginning. 

End. 

Beginning. 

End. 

Min.  sec. 

Min.  sec. 

Seconds. 

Min.  sec. 

Min.  sec. 

Seconds. 

1      2.27 

4    56.19 

233.  92 

5    46.19 

9    56.33 

250. 14 

4.27 

58.20 

.93 

48.19 

58.34 

.15 

6.28 

5      0.19 

.91 

50.19 

10      0.34 

.15 

8.27 

2.19 

.92 

52.19 

2.34 

.15 

10.28 

4.19 

.91 

54.20 

4.34 

.14 

12.27 

6.19 

.92 

56.20 

6.34 

.14 

14.28 

8.19 

.91 

58.20 

8.34 

.14 

16.28 

10.19 

.91 

6      0.20 

10.34 

.14 

18.27 

12.19 

.92 

2.20 

12.  35 

.15 

20.  27              14. 19 

.92 

4.21 

14.35 

.14 

23,400  charges=     233.9 

L7  seconds. 

25,000  chai 

ges=     250.144  seconds. 

n_  23,400  _m 

035. 

n= 

25>000  -99.943. 

233.917 

250.144 

BOSA. 
GKOVKR. 
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Table  IV. — Examples  of  determination  of  the  frequency  from  runs  made  July  27. 


Run  1. 

Run  3. 

-Chronograph  record. 

Chronograph  record. 

Interval. 

Interval. 

Beginning,  j        End. 

1 

Beginning. 

End. 

- 

Min.    sec.       Min.    sec. 

Seconds. 

Min.    sec. 

Min.    sec. 

Seconds. 

2    38.71         6      5.37 

206.66 

15    46.51 

19    17.23 

210.  72 

40.50 

7.18 

.68 

48.26 

18.98 

.72 

42.29 

8.98 

.69 

50.03 

20.73 

.70 

44.10 

10.78 

.68 

51.73 

22.47 

.74 

45.90 

12.58 

.68 

53.48 

24.20 

.72 

47.69 

14.38 

.69 

55.22 

25.95 

.73 

49.49 

16.17 

.68 

56.96 

27.69 

.73 

51.28 

17.97 

.69 

58.71 

29.43 

.72 

53.08 

19.76 

.68 

16      0. 45 

31.17 

.72 

54.89 

21.56 

.67 

2.18 

32.90 

.72 

23,000  charges  =     206.680  seconds. 

24, 200  charges  =     210. 722  seconds. 

tt-^3'0°°-111.283. 

*-o2^0o°o-114.844. 

206.680 

210.722 

Run  2. 

Run  4. 

Min.    sec. 

Min.    sec. 

Seconds. 

Min.    sec. 

Min.    sec. 

Seconds. 

8    50.27 

12    16.09 

205.  82 

21    25.77 

24    55.48 

209.  71 

52.07 

17.84 

.77 

27.49 

57.23 

.74 

53.80 

19.60 

.80 

29.24 

58.96 

.72 

55.56 

21.35 

.79 

30.97 

25      0. 69 

.72 

57.34 

23.12 

.78 

32.70 

2.42 

.72 

59.08 

24.87 

.79 

34.45 

4.16 

.71 

9      0.84 

26.63 

.79 

36.17 

5.90 

.73 

2.60 

28.38 

.78 

37.90 

7.62 

.72 

4.37 

30.16 

.79 

39.63 

9.35 

.72 

6.12 

31.90 

.78 

41.37 

11.08 

.71 

23,400  charges=     205.789  seconds. 

24,200  charges  =     209.720  seconds. 

»^JS^!®  -H3.708: 

*-o^2°o°n-115.392. 

205.789 

209.720 
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Table  IV. — Examples  of  determination  of  the  frequency  from  runs  made  July  21 — Cont'd. 


Run  5. 

Run  6. 

Chronograph  record. 

Chronograph  record. 

Interval. 

Interval. 

| 

Beginning. 

End. 

Beginning. 

End. 

Min.    sec. 

Min.    sec. 

Seconds. 

Min.    sec. 

Min.    sec. 

Seconds. 

27    44.45 

31     12. 18 

207.  73 

32    39.65 

36    10.34 

210.  69 

46.16 

13.90 

.74 

41.38 

12.07 

.69 

47.86 

15.60 

.74 

43.10 

13.76 

.66 

49.59 

17.32 

.73 

44.79 

15.48 

.69 

51.31 

19.04 

.73 

46.52 

17.19 

.67 

53.05 

20.76 

.71 

48.24 

18.90 

.66 

54.75 

22.48 

.73 

49.94 

20.62 

.68 

56.47 

24.19 

.72 

51.65 

22.34 

.69 

58.19 

25.91 

.72 

53.37 

24.07 

.70 

59.91 

27.64 

.73 

55.08 

25.75 

.67 

24,200  charges=     207.7 

28  seconds. 

24,600  charges  =     210.680  seconds. 

*-o2^o-U6.< 

*98. 

"-^6iS,-116.764. 

207.728 

210.680 

Ten  readings  from  the  chronograph  sheet  at  the  beginning  of  the 
run  are  given  in  the  first  column  and  ten  at  the  end  of  the  run  in  col- 
umn two;  the  differences  in  column  three  give  the  interval  of  time 
corresponding  (in  run  1,  Table  III)  to  5,450  revolutions  of  the  com- 
mutator or  21,800  charges  of  the  condenser,  since  the  condenser  was 
charged  and  discharged  four  times  for  every  revolution  of  the  com- 
mutator. This  gives  a  frequency  of  100.024.  The  resistance  of  the 
third  arm  of  the  bridge  was  then  increased  by  500  ohms  (from  342,460 
to  342,960)  and  the  speed  decreased  until  the  bridge  was  balanced, 
when  run  2  was  made,  and  23,600  charges  and  discharges  were  effected 
in  236.317  seconds,  or  a  frequency  of  99.866.  Condenser  No.  2  was 
then  put  in  place  of  1,  and  the  speed  of  the  motor  having  been  restored 
to  its  initial  value,  run  3  was  made,  giving  a  frequency  of  100.022. 
The  resistance  was  then  increased  by  350  (from  337,960  to  338,310), 
the  speed  reduced  until  the  bridge  was  again  balanced,  and  run  4  was 
made,  showing  a  frequency  of  99.925.  Runs  5  and  6  were  similarly 
made  with  the  two  condensers  in  parallel.  The  further  data  of  these 
runs  are  given  in  Table  VII. 
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Table  IV  gives  the  data  for  determining  the  frequency  for  six  runs 
of  July  27,  using  the  smaller  driving  motor  while  measuring  the 
capacity  of  some  mica  condensers  of  0.01  mf  each.  The  first  five  runs 
were  made  on  five  different  condensers,  and  no  attempt  was  made  to 
have  the  speed  the  same  for  the  different  runs.  The  data  given  show 
that  the  mean  speed  of  the  motor,  and  thus  the  mean  frequency  of  the 
charge  and  discharge  of  the  condenser,  can  be  determined  with  very 
high  accuracy,  the  variations  in  the  separate  determinations  of  the 
interval  being  scarcely  more  than  the  error  of  reading  the  chrono- 
graph record.  Of  course  there  are  slight  variations  of  speed  during 
the  interval,  but  they  are  exceedingly  small,  and  the  galvanometer 
deflections  show  their  magnitude.  The  actual  deflection  of  course 
depends  upon  the  sensibility  of  the  galvanometer  and  the  magnitude 
of  the  capacity  being  measured.  Taking  a  special  case  as  an  example 
of  running  under  favorable  conditions,  a  change  in  the  speed  of  one 
part  in  ten  thousand  produced  a  deflection  of  1.0  mm;  the  maximum 
deflection  during  the  run  was  not  more  than  1.0  mm,  and  hence  the 
maximum  deviation  of  the  speed  from  uniformity  was  not  more  than 
one  part  in  ten  thousand.  The  average  variation  was  probably  not 
more  than  one  part  in  twenty-five  thousand.  The  error  in  the  result 
due  to  variations  in  speed  would  be  even  less  than  this,  since  the  posi- 
tive and  negative  deflections  are  balanced  against  each  other,  and 
therefore  the  average  speed  will  correspond  to  the  setting  of  the 
bridge,  probably  to  within  one  part  in  fifty  thousand.  Other  sources 
of  error  are  more  troublesome  than  the  uncertainty  in  the  frequency 
of  charge  of  the  condenser. 

It  occurred  to  us  that  such  a  combination  of  a  Wheatstone  bridge 
and  condenser  could  be  used  as  an  auxiliary  apparatus  for  holding  the 
speed  of  a  motor  steady  for  other  purposes,  and  we  have  used  it  in 
that  way  for  some  recent  absolute  measurements  of  inductance.0  There 
are  other  important  physical  quantities  the  determination  of  which 
involve  the  accurate  measurement  of  angular  velocity,  as  the  velocity 
of  light,  and  Lorenz\s  method  of  determining  resistance  in  absolute 
measure,  where  this  method  of  controlling  the  speed  might  be  used 
advantageously . 

a  The  Absolute  Measurement  of  Inductance,  read  at  the  International  Electrical 
Congress,  St.  Louis,  Mo.     (See  this  Bulletin,  p.  125.) 
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8.  The  Measurement  of  Capacity  of  Mica  Condensers. 

The  Bureau  of  Standards  possesses  a  mica  condenser  made  by  Siemens 
&  Halske,  of  Berlin,  which  has  been  frequently  measured  during  the 
past  six  months.  It  consists  of  four  parts,  of  0.5,  0.2,  0.2,  and  0.1  mf, 
respectively.  We  give  in  Table  V  the  detailed  data  of  one  determina- 
tion of  each  section,  and  in  Table  VI  the  results  of  all  the  measurements 
which  have  been  made  on  the  four  sections  of  the  condenser.  The 
temperature  coefficient  of  a  mica  condenser  is  considerable,  and  it  is 
difficult  to  ascertain  what  its  temperature  is  unless  it  has  been  in  a 
region  of  constant  temperature  for  some  hours.  Some  of  the  measure- 
ments given  were  made  when  there  was  an  uncertainty  of  a  degree  or 
more  in  the  temperature  of  the  condensers,  and  hence  the  agreement 
of  the  results  is  not  as  good  as  the  capacity  determinations  would 
demand.  Nevertheless,  the  results  show  a  very  satisfactory  concord- 
ance, and  indicate  that  the  capacity  of  the  condensers  (except  possibly 
the  smallest  section)  has  remained  very  constant. 

Table  V. — Determination  of  capacity  of  mica  condensers. 
[a=c=100  ohms;  6=3,  #=20.] 


Date.                 No. 

Con- 
denser. 

R 

F 

n 

c 

C=(\-c 

1904. 

April2 1 

Do 1     2 

Do |     3 

Do 4 

mf 
0.2 
0.2 

0.1 
0.5 

49714 
49914 
99407 
19793 

0.99884 
0.99884 
0.99942 
0.  99711 

99.980 
99.  943 
100. 073 
100. 035 

0.  200958 
0. 200226 
0.100465 
0.  503593 

0.000037 
0.000037 
0. 000037 
0.000037 

0.200921 
0.200189 
0.100428 
0.503556 
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Table  VI. — Summary  of  determinations  of  capacity  of  mica  condensers. 
[One  microfarad  in  four  sections— 0.5,  0.2,  0.2,  and  0.1.] 
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Condenser 

and  temperature 

coefficient. 

No. 

Date. 

Temper- 
ature. 

Measured 
values  of  C. 

Correction 
to  20°. 

C2o°. 

Average 

deviation 

from  mean. 

1904. 

0 

mf 

mf 

mf 

0.5mf 

1 

Jan. 

5 

22.5 

0.50330 

+0.00025 

0. 50355 

-0.00020 

2 
3 
4 

Jan. 
Jan. 
Apr. 

27 
29 
2 

22.8 
23.0 
20.0 

pop 

w  w  o> 
o   o   o 
co    co    oo 

51     »     Ol 

+0.00028 
+0.00030 
0 

0. 50363 
0. 50358 
0.  50356 

0.000028  mf 
=5. 6  in 
100,000 

5 

Apr. 

12 

15.5 

0.50401 

-0.00045 

0. 50356 

6 

May- 

20 

24.0 

0.  50324 

+0. 00040 
Mean 

0. 50364 

0.  50359 

0.2mf 

7 

Jan. 

5 

22.5 

0. 200100 

+0. 000082 

0. 200182 

-0.000165 

8 

Feb. 

3 

22.5 

0. 200070 

+0. 000082 

0.200152 

9 

Mar. 

26 

22.5 

0.200050 

+0. 000082 

0. 200132 

0.000027  mf 
=13. 5  in 
100,000 

10 
11 

Mar. 

Mar. 

29 
30 

23.0 
23.5 

0. 200133 
0. 200011 

+0. 000099 
+0. 000115 

0. 200232 
0.200126 

12 

Apr. 

2 

20.0 

0.200201 

0 

0. 200201 

13 

Apr. 

12 

15.5 

0. 200315 

-0. 000148 

0.  200167 

14 

May 

20 

24.0 

0.200025 

+0. 000132 
Mean 

0.200157 

0. 200169 

0.2mf 

15 

Jan. 

5 

22.5 

0. 200780 

+0. 000075 

0. 200855 

-0.00015 

16 

Feb. 

3 

22.5 

0. 200810 

+0. 000075 

0. 200885 

17 

Mar. 

26 

22.5 

0. 200854 

+0. 000075 

0. 200929 

18 

Mar. 

29 

23.0 

0. 200870 

+0. 000090 

0. 200960 

19 

Mar. 

30 

23.5 

0. 200770 

+0. 000105 

0. 200875 

0.000027  mf 

20 

Apr. 

2 

20.0 

0.200933 

0 

0. 200933 

=13. 5  in 

21 

Apr. 

5 

21.5 

0. 200863 

+0.000045 

0. 200908 

100,000 

22 

Apr. 

9 

22.5 

0.200840 

+0. 000075 

0.200915 

23 

Apr. 

11 

14.0 

0. 201020 

-0. 000180 

0. 200840 

24 

Apr. 

12 

15.5 

0. 201038 

-0. 000135 

0. 200903 

25 

May 

20 

24.0 

0. 200758 

+0.  000120 
Mean 

0. 200878 

0. 200898 

0.1  mf 

26 

Feb. 

3 

22.5 

0. 100410 

+0.000043 

0. 100453 

-0.000175 

27 

Mar. 

29 

23.0 

0. 100379 

+0.000052 

0. 100431 

0.000033  mf 
=33  in 
100,000 

28 
29 

Apr. 
Apr. 

2 

11 

20.0 
14.0 

0. 100431 
0. 100447 

0 
-0. 000105 

0. 100431 
0. 100342 

30 

Apr. 

12 

15.5 

0. 100470 

-0. 000078 

0. 100392 

31 

May 

20 

24.0 

0. 100310 

+0. 000070 
Mean 

0. 100380 

0. 100405 

Table  Y  is  self-explanatory.  The  correction  factor  A  was  of  course 
negligible.  The  quantity  c  is  the  capacity  of  the  commutator,  lead 
wire  joining  P  to  the  condenser,  and  the  terminal  on  the  condenser  to 
which  the  wire  is  joined.  As  this  varies  with  the  length  and  position 
of  the  wire  joining  the  condenser  to  P,  the  correction  capacity  c  is 
determined  for  every  set  of  observations.     In  making  this  measure- 
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merit  the  plugs  are  removed,  both  wires  remaining  connected  to  the 
terminals  of  the  condenser. 

If  Z2  is  disconnected  from  B  (fig.  17)  the  capacity  falls  off  from 
0.0000366  to  0.0000256,  due  to  the  large  reduction  of  the  capacity 
from  the  terminal  A,  including  the  bar  A'  to  the  blocks  i?,  O,  D,  E,  F. 
If  lx  is  detached  from  A  (leaving  it  as  nearly  as  possible  in  its  former 
position),  the  capacity  c  falls  to  0.0000196,  a  further  reduction  due  to 
subtracting  the  capacity  of  A  A'.     Adding  15  cm  of  wire,  the  capacity 

to  A(  fig.  7) 
to  B  (flg.7) 


Pig.  17. — Connections  for  mica  condenser. 

c  increased  to  0.0000215.     These  figures  illustrate  the  importance  of 
taking  the  capacity  c  always  in  the  same  way, 

The  chief  cause  of  variation  in  the  capacities  of  the  mica  condensers 
given  in  Table  VI  is  the  uncertainty  in  their  temperature,  as  already 
stated.  The  measurements  were  made  in  the  temporary  laboratory 
of  the  Bureau  of  Standards  where  the  diurnal  change  of  temperature 
was  excessive.  The  condenser  was  usually  kept  in  a  thermostat  for 
some  hours  before  measuring,  but  it  was  necessary  to  remove  it  from 
the  thermostat  and  carry  it  to  the  dynamo  room  in  the  basement  for 
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measurement,  and  an  uncertain  change  in  temperature  resulted,  in 
some  cases  probably  amounting  to  a  degree  or  more.  Moreover, 
some  of  these  measurements  were  made  in  testing  the  commutator  and 
perfecting  the  method  and  were  considered  preliminary;  more  care 
would  have  been  taken  in  ascertaining  the  temperature  of  the  con- 
denser if  it  had  been  supposed  the  results  were  to  be  of  permanent 
value.  We  mean  to  make  a  new  series  of  measurements  under  more 
favorable  temperature  conditions  in  the  near  future. 

Plotting  out  the  results  for  the  four  sections  with  temperatures  and 
values  of  C  as  abscissas  and  ordinates,  respectively,  we  find  a  slightly 
different  temperature  coefficient  for  each  section,  ranging  from  15  to 
20  parts  in  100,000  per  degree.  Reducing  the  values  of  all  to  20°  C. 
by  means  of  these  temperature  coefficients,  we  have  the  values  given 
in  column  7  of  the  table.  The  average  deviation  of  a  single  deter- 
mination from  the  mean  is  5.6  parts  in  100,000  for  the  0.5  mf  section, 
13.5  for  each  of  the  two  0.2  mf  sections,  and  33  for  the  0.1  mf  section. 
The  last  is  excessive  and  may  possibly  be  due  to  an  actual  change  in 
the  value,  the  last  three  determinations  differing  considerably  from 
the  first  three.  With  the  exception  of  the  smallest  section  these  mean 
deviations  amount  to  less  than  the  variation  in  the  capacity  for  0°.7  C. 
It  is  thus  evident  that  if  a  series  of  determinations  are  to  agree  closely 
among  themselves  the  temperature  must  be  carefully  determined.  It 
is  also  evident  that  if  the  temperature  is  constant  a  good  mica  con- 
denser is  an  instrument  of  precision  and  can  be  trusted  to  hold  its 
value. 

9.  The  Measurement  of  Capacity  of  Air  Condensers. 

The  first  measurements  made  were  on  a  so-called  air  ley  den,  pur- 
chased by  the  Bureau  from  Kelvin  &  Jas.  White.  The  results  are 
shown  in  the  first  part  of  Table  VII.  The  correction  capacity  c  was 
very  large  in  this  case,  because  the  commutator  was  in  an  adjoining 
room  from  the  bridge  and  condenser,  and  the  connecting  wires  were 
several  meters  in  length.  In  this  determination  three  values  of  the 
resistance  d  were  used  (388,100;  386,000;  384,000  ohms)  and  the  speed 
varied  to  balance  the  bridge  in  each  case. 

The  two  larger  air  condensers,  No.  1  and  No.  2,  were  designed  by 
us  and  built  in  the  instrument  shop  of  the  Bureau.  We  desired  a  suf- 
ficiently large  air  capacity  to  use  as  a  standard  in  obtaining  the  constant 
of  a  ballistic  galvanometer,  which  latter  was  to  be  employed  in  deter- 
mining the  capacity  of  mica  condensers  with  relatively  long  charging 
periods.     Each  condenser  has  200  nickel-aluminum  plates,  about  20  cm 
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square,  0.064  cm  thick,  and  0.218  cm  apart.  They  are  mounted  in  a 
similar  manner  to  the  Kelvin  "air  leyden,"  being  thoroughly  insulated 
on  hard-rubber  columns  and  inclosed  in  a  cylindrical  case. 

In  the  measurements  the  terminal  which  is  joined  to  the  case  of  the 
condenser  is  always  connected  to  the  point  D,  the  other  terminal  not 
connected  to  any  exposed  surface  being  joined  to  P.  If  these  connec- 
tions are  reversed  the  measured  capacity  depends  upon  the  surround- 
ings of  the  condenser,  increasing  if  a  person  approaches  the  condenser. 
The  correction  capacity  c  must  be  made  with  even  greater  care  than 
for  mica  condensers,  since  it  is  relatively  larger.  In  joining  the  con- 
densers in  parallel  and  in  series  the  cases  of  the  condensers  are  joined 
together,  in  the  former  case  the  two  interior  terminals  being  con- 
nected to  P. 

The  capacity  in  series  is  one-fourth  the  capacity  in  parallel,  since 
the  two  are  nearly  equal.  The  object  of  measuring  them  in  parallel 
and  in  series  was  to  check  the  determination  with  the  values  calculated 
from  the  separate  determinations.    The  agreement  is  very  satisfactory. 

The  increase  in  the  capacity  of  these  condensers  between  April  12 
and  May  21  was  due  to  a  change  in  their  adjustment  due  to  moving. 
They  were  not  designed  to  be  portable. 

We  are  indebted  to  Dr.  N.  E.  Dorsey,  assistant  physicist  of  the 
Bureau,  for  valuable  assistance. 
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